Permutation-equivariant quantum K-theory VI. Mirrors by Givental, Alexander
ar
X
iv
:1
50
9.
07
85
2v
1 
 [m
ath
.A
G]
  2
5 S
ep
 20
15
PERMUTATION-EQUIVARIANT
QUANTUM K-THEORY VI.
MIRORS
ALEXANDER GIVENTAL
Abstract. We present here the K-theoretic version of mirror
models of toric manifold.
First, we recall the construction [3] of mirrors for toric man-
ifolds, i.e. representations of toric hypergeometric functions by
complex oscillating integrals. Then we repeat the construction
in the K-theoretic situation and obtain complex oscillating inte-
grals representing q-hypergeometric functions of toric manifolds,
bundles, and super-bundles. Finally, we examine the Lagrangian
varieties parameterized by critical points of the phase functions of
the oscillating integrals.
Hori-Vafa mirrors
According to the Berry Principle1, it is a sin to name inventions after
their authors. To our defense, Hori–Vafa mirrors [8] were introduced
in [3], and here is how.
To a toric manifold X = CN//ωT
K one can associate the H∗(X,Q)-
valued hypergeometric series
IHX =
∑
d∈ZK
Qd
N∏
j=1
∏0
r=−∞(uj(p)− rz)∏Dj(d)
r=−∞(uj(p)− rz)
,
where uj(p) = p1m1j + · · · + pKmKj, j = 1, . . . , N are cohomology
classes of toric divisors expressed in a basis {p1, . . . , pK} of H
2(X,Z),
and Qd = Qd11 · · ·Q
dK
K are Novikov’s monomials representing degrees d
of holomorphic spheres in X in the dual basis of H2(X,Z). The series
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1Formulated by Vladimir Arnold and named so after Michael Berry, known for
“the Arnold Principle”, according to which the Berry Principle is self-consistent.
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satisfies a certain system of K differential equations, i = 1, . . . , K:∏
j:mij>0
mij−1∏
r=0
(mij(pi − zQi∂Qi) + rz) I
H
X =
Qi
∏
j:mij<0
−mij−1∏
r=0
(mij(pi − zQi∂Qi) + rz) I
H
X .
As it is explained in [3, 4] (and in Part V), both the series IHX and
the D-module it generates are by-products of a heuristic approach to
S1-equivariant Floer theory. For toric manifolds X obtained by fac-
torization of the same space CN by various subtori TK ⊂ TN of the
maximal torus, the S1-equivariant Floer theories are related to each
other in such a way that all the series IHX can be expressed by complex
oscillating integrals with the same phase function (“superpotetial”).
This is how this was done in [3].
Compute the function IHX in the extreme case X = C
N//TN = pt,
corresponding to the identity matrix m = (mij), and K = N . We use
x1, . . . , xN in lieu of Q1, . . . , QN , and take in account that uj = pj = 0
in H∗(pt):
IHpt =
∑
D∈ZN
xD
N∏
j=1
∏0
r=−∞(−rz)∏Dj
r=−∞(−rz)
=
∑
d∈ZN
+
N∏
j=1
x
Dj
j
(−z)DjDj !
= e−
∑
xj/z.
Theorem 1 (see [3]). The following complex oscillating integral
IHX =
∫
Γ⊂


∏
j x
mij
j = Qi
i = 1, . . . ,K


e−
∑
xj/z d lnx1 ∧ · · · ∧ d lnxN
d lnQ1 ∧ · · · ∧ d lnQK
represents all solutions to the PDE system, i = 1, . . . , K:∏
j:mij>0
mij−1∏
r=0
(rz −
K∑
i′=1
mi′jzQi′∂Qi′ ) I
H
X =
Qi
∏
j:mij<0
−mij−1∏
r=0
(rz −
K∑
i′=1
mi′jzQi′∂Qi′ ) I
H
X .
Remarks. (1) The system for IHX is written in the usual scalar repre-
sentation of differential operators, while the system for IHX was written
in a vector representation, in which −zQi∂Qi acts on functions with val-
ues in H∗(X) by pi− zQi∂Qi, where pi is the operator of multiplication
in H∗(X). Otherwise the differential systems are the same.
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(2) The cycles Γ here are non-compact Lefschetz thimbles, to be
constructed by ascending gradient flow for the real part (for z > 0)
of the Morse function
∑
j xj under the constraints
∏
j x
mij
j = Qi, i =
1, . . . , K. The number of independent cycles is equal to the number of
critical points and agrees with the rank of the differential system, but
exceeds, generally speaking, the dimension of H∗(X). This is because
the mirror integral and the differential system depends only on the
subtorus TK ⊂ TN but (unlike the series IHX ), not on the choice of
a chamber of regular values ω of the moment map. To select critical
points and thimbles relevant for a given X , one needs to let “quantum
parameters” Q degenerate in such a way that Qd → 0 when d lies in
the Mori cone of X , and ignore those critical points which in this limit
escape to infinity. This will become more clear when we compute the
critical points.
(3) Similar mirror formulas can be written for toric bundle spaces
E → X [6], super-bundles ΠE [5, 6], and a certain class of toric com-
plete intersections [4, 5]. We will touch upon these in the context of
K-theory.
Toric mirrors in K-theory
We retrace our steps in the K-theoretic context.
Take the toric q-hypergeometric function
IKX =
∑
d∈ZK
Qd
N∏
j=1
∏0
r=−∞(1− Uj(P )Λ
−1
j q
r)∏Dj(d)
r=∞ (1− Uj(P )Λ
−1
j q
r)
.
We recall from Part V that it takes values in the ring K0(X), which
is multiplicatively generated by line bundles P1, . . . PK with ch(Pi) =
e−pi, that Uj are line bundles corresponding to the toric divisors −uj,
and that they satisfy multiplicative relations and Kirwan’s relations
expressed respectively as
Uj(P ) =
K∏
i=1
P
mij
i , j = 1, . . . , N, and
∏
j∈J
(1− Uj) = 0 if
∏
j∈J
uj = 0.
Now compute IKX in the extreme case X = C
N//TN :
IKpt =
∑
D∈ZN
+
XD11 · · ·X
DN
N∏N
j=1
∏Dj
r=1(1− q
r)
= e
∑
k>0
∑N
j=1X
k
j /k(1− q
k)
.
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Theorem 2. The following complex oscillating integral
IKX =
∫
Γ⊂


∏
j X
mij
j = Qi
i = 1, . . . ,K


e
∑
k>0
∑
j X
k
j /k(1− q
k)
∧N
j=1 d lnXj∧K
i=1 d lnQi
satisfies the system of q-difference equations, i = 1, . . . , K:
∏
j:mij>0
mij−1∏
r=0
(1− q−rq
∑
i′ mi′jQi′∂Qi′ ) IKX =
Qi
∏
j:mij<0
−mij−1∏
r=0
(1− q−rq
∑
i′ mi′jQi′∂Qi′ ) IKX .
Remark. It is straightforward to check that the K0(X)-valued q-
hypergeometric series IKX satisfies the same equations, except that the
translation operators qQi∂Qi act in the vector representation by the
composition Piq
Qi∂Qi of translation and multiplication by Pi.
Proof. We have
qX∂Xe
∑
k>0X
K/k(1−qk) = (1−X)e
∑
k>0X
k/k(1−qk),
and consequently for r ≥ 0
(1− q−rqX∂X )Xre
∑
k>0X
k/k(1−qk) = Xr+1e
∑
k>0X
k/k(1−qk).
Therefore for each i = 1, . . . , K
∏
mij>0
mij−1∏
r=0
(1− q−rqXj∂Xj ) IKpt =
∏
mij>0
X
mij
j I
K
pt ,
∏
mij>0
−mij−1∏
r=0
(1− q−rqXj∂Xj ) IKpt = Qi
∏
mij<0
X
−mij
j I
K
pt ,
which are the same under Batyrev constraints lnQi =
∑
jmij lnXj.
Note that the volume form is translation-invariant, and that Xj∂Xj
projects to
∑
imijQi∂Qi. The result follows. 
For the sake of completeness, let us include formulas for toric bun-
dles an super-bundles. Let Va, a = 1, . . . , L be negative line bundles,
Va =
∏K
i=1 P
lia
i , and E = ⊕i=1Va. Under these assumptions, the q-
hypergeometric functions of Part V, namely IE and IΠE∗ (note the
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dual) have well-defined non-equivariant limits:
IE =
∑
d∈ZK
Qd
N∏
j=1
∏0
r=−∞(1− q
rUj(P ))∏Dj(d)
r=−∞(1− q
rUj(P ))
L∏
a=1
△a(d)−1∏
r=0
(1− q−rVa(P ))
IΠE∗ =
∑
d∈ZK
Qd
N∏
j=1
∏0
r=−∞(1− q
rUj(P ))∏Dj(d)
r=−∞(1− q
rUj(P ))
L∏
a=1
△a(d)∏
r=1
(1− qrVa(P )),
where △a(d) =
∑K
i=1 dilia, and the sums effectively range over d with
Dj(d) ≥ 0 for each j. To save space, we write out the systems of K
q-difference equations (i.e. i = 1, . . . , K), for IE :
∏
j
mij−1∏
r=0
(1− q−rq
∑
i′ mi′jQi′∂Qi′ )I = Qi
∏
a
lia−1∏
r=0
(1− qrq−
∑
i′ li′aQi′∂Qi′ )I,
and for IΠE∗ :
∏
j
mij−1∏
r=0
(1− q−rq
∑
i′ mi′jQi′∂Qi′ )I = Qi
∏
a
lia∏
r=1
(1− q−rq
∑
i′ li′aQi′∂Qi′ )I,
following two conventions. Firstly, they are written in the scalar rep-
resentation, i.e. qQi∂Qi acts on IE and IΠE∗ by Piq
Qi∂Qi . Secondly, the
products of the form
∏m−1
r=0 should be interpreted as
∏m−1
r=−∞ /
∏
−1
r=−∞,
and when m < 0, turn therefore into
∏
−1
r=m of inverse operators. To
avoid inverses, one should move such factors to the other side of the
equations, commuting them correctly across Qi if needed (as we did
above in the formulations of the theorems).
The K-theoretic mirrors for E and ΠE∗ are solutions to the above
q-difference systems in the form of complex oscillating integrals
IE =
∫
Γ⊂X̂Q
e
∑
k>0(
∑
j X
k
j −q
k
∑
a Y
k
a )/k(1−q
k)
∧N
j=1 d lnXj
∧L
a=1 d ln Ya∧K
i=1 d lnQi
,
IΠE∗ =
∫
Γ⊂X̂Q
e
∑
k>0(
∑
j X
k
j −q
k
∑
a Y
k
a )/k(1−q
k)
∧N
j=1 d lnXj
∧L
a=1 dYa∧K
i=1 d lnQi
over Lefschetz’ thimbles in the tori
X̂Q =
{
(X, Y ) ∈ (C×)N+L
∣∣∣∣∣
N∏
j=1
X
mij
j = Qi
L∏
a=1
Y liaa , i = 1, . . . , K
}
.
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Dq-modules and quasiclassics
A complex oscillating integral I(Q) =
∫
γ
efQ(x)/zdvQ is set by a phase
function fQ and a volume form dvQ, both depending on parameters Q.
In the quasiclassical limit, i.e. as the wave length parameter z tends
to 0, the asymptotical expansion of such integrals has the form
zn/2
efQ(xcr)/z√
△(xcr)
× (power series in z),
where xcr is a critical point of the phase function, △(xcr) is the Hessian
of fQ with respect to the volume form at the critical point, and n is
the dimension of the integral. These geometric data are parameterized
by critical points of the functions in the family. They naturally live on
the Lagrangian variety L ⊂ T ∗B generated (in Arnold’s terminology)
by the family fQ in the cotangent bundle of the parameter space:
L = {(p,Q) ∈ T ∗B | ∃xcr : p = dQfQ(xcr)} .
Let us compute such Lagrangian varieties for Hori–Vafa mirrors of toric
manifolds, first cohomological, and then K-theoretic.
We have the function
∑
j xj under the constraints
∑
j mij ln xj =
lnQi, i = 1, . . . , K. Introducing Lagrange multipliers pi and the auxil-
iary function of (x, p):
N∑
j=1
xj −
K∑
i=1
pi
(
N∑
j=1
mij ln xj − lnQi
)
,
and find the critical points
xj = uj(p) =
K∑
i=1
pimij , j = 1, . . . , K.
This describes L as a Lagrangian variety with respect to the action
1-form
p1
dQ1
Q1
+ · · ·+ pK
dQK
QK
,
given by Batyrev relations2[1]:
L =
{
(p,Q)
∣∣∣∣∣ Qi =
N∏
j=1
uj(p)mij
}
.
2Well, they are found in the 1992 preprint [2], where the multiplicative structure
on Floer homology of toric manifolds CN//TK was studied by means of discretiza-
tion of loops in CN .
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More precisely, as when all Qi 6= 0, these are equivalent to the defor-
mations of Kirwan’s relations in the quantum cohomology algebra of
X .
Let us now turn to K-theory. Note that, though q = ez tends to 1 as
z tends to 0, the integral is also “oscillating” whenever q tends to any
root of unity. So, we examine the stationary phase asymptotics near
q = ζ−1, where ζ is a primitive m-th root of unity. We single out the
fast-oscillating part of the phase function in the integral:∫
Γ⊂X̂Q
e
1
1−q
∑
l>0
∑
j
Xlmj
l2m2
(
Amplitude regular at q = ζ−1
)
× (Volume) .
The auxiliary function with Lagrange multipliers pi is∑
l>0
∑
j
X lmj
l2m2
−
∑
i
pi
(∑
j
mij lnXj − lnQi
)
.
We compute the critical points: for j = 1, . . . , N ,∑
l>0
X lmj
lm
=
∑
i
pimij = uj(p), or ln(1−X
m
j )
1/m = uj(p).
Recalling the K-theoretic notation Pi = e
−pi, Uj(P ) =
∏
i P
mij
i , we find
that the critical points parameterize Lagrangian variety
Lm =
{
(P,Q)
∣∣∣∣∣ Qmi =∏
j
(1− Umj (P ))
mij , i = 1, . . . , K
}
in the complex torus with the symplectic structure
dP1
P1
∧
dQ1
Q1
+ · · ·+
dPK
PK
∧
dQK
QK
.
There are several conclusions to draw.
(i) For m = 1, the Lagrangian variety is given by “quantum” defor-
mations of Kirwan’s relation in K0(X).
(ii) Stationary phase asymptotics at different roots of unity exhibit
self-similar behavior: Lm is the inverse image of L1 under the Adams
map Ψm : (P,Q) 7→ (Pm, Qm).
(iii) Lagrangian varieties Lm live in the symplectic torus (rather then
the cotangent bundle space) which is a natural home for symbols of q-
difference operators.
In view of these toric examples an their properties, three general
problems arise: To develop a general theory of characteristic varieties of
Dq-modules, to describe the class of complex oscillating integrals which
exhibit self-similar behavior when the spectral parameter approaches
8 A. GIVENTAL
the roots of unity, and to include K-theory into the philosophy of mirror
symmetry.
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